Regular Kn-free graphs  by Bauer, Douglas
JOURNAL OF COMBINATORIAL THEORY, Series B 35, 193-200 (1983) 
Regular K,-Free Graphs 
DOUGLAS BAUER 
Stevens Znstitute of Technology, Hoboken, New Jersey 57U30 
Communicated by the Editors 
Received February 25, 1983 
Triples (p, n, r) for which there exists an r-regular K,-free graph on p points are 
determined. 
1. INTRODUCTION 
Extremal graph theory has been extensively studied in recent years. For an 
up to date account of results in this area see the book of Bollobh 141. The 
pioneering result in this area is of course Turin’s theorem 191. Regular 
graphs have also been given considerable attention in the literature, e.g., the 
study of cages [JO]. A question that has been, apparently overlooked, 
however, is that of solving Turin type problems over the class of regular 
graphs. Herein we consider the problem of finding extremal K,-free regular 
graphs. More specifically, we determine those triples (p, PZ, r) for which there 
exists a K,-free r-regular graph on p points. An obvious necessary condition 
for realizing an r-regular graph on p points is that p and r not both be odd. 
To facilitate the discussion we will omit repeating this obvious necessary 
condition. In addition, with the exception of regular graphs of degree one, we 
will restrict our attention to connected graphs. 
It is useful to recall the following notation. If a graph G has point set 
V(G) and A c V(G) then /A 1 denotes the cardinality of A. The induced 
subgraph (A) is the maximal subgraph of G with point set A. The degree of a 
point u E V(G), denoted by deg v, is the number of edges in G incident with 
U. We will use 6 to denote min{deg v/v E V(G)}. Other notation and 
terminology are as in Harary [6]. 
Our question is closely related to the famous Turin theorem 191, stated 
below for (p, q) graphs. 
THEOREM 1. For positive integers p and n, with 3 < n ,< p, let T(p, n) be 
the smallest positive integer such that every (p, T(p, n)) graph contains a 
subgraph isomorphic to K,. 
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VP, n>= ; c 1 + 1 - s(p - n + 1 + k)/2, 
where p=(n- l)s+k, Q<k<n-2. Furthermore, the only 
(p, T(p, n) - 1) graph which fails to have K, as a subgraph is the complete 
(n - l)-partite graph K(p,, p2,..., P+~), where p1 = p2 = ... = pk = s + 1 
andp,,,=p,,,=...=p,_,=s. 
Turin’s theorem may be applied to obtain an upper bound on r, given p 
and n. Writep as (y1- 1)s + k, where 0 < k < n - 2. As a direct consequence 
of Theorem 1, the corrsponding upper bounds for r are (n - 2)s if k = 0 and 
(n - 2)s + k - 1 if 1 < k < n - 2. The main thrust of this paper is to prove 
that each of these upper bounds can be achieved with one exception. 
If p = (n - 1)s + n - 2 it is not possible to realize a K,-free regular 
graph of degree r= (n-2)s + n- 3 unless s=O or s= 2. However, 
r = (n - 2)s + n - 4 can be realized. 
We also prove that for yt > 4, all values of r less than the upper bounds 
stated above can be achieved. Our method is to prove the existence of both 
the extremal graphs as well as the existence of graphs for which r is one less 
than the extremal value. We then employ the following theorem of Dirac [5]. 
THEOREM 2. For p > 3, if deg v > p/2 for all points v of a graph G, then 
G is hamiltonian. 
Hence it is possible by simply removing hamiltonian cycles to realize K,- 
free r-regular graphs for values of r between p/2 and the previously stated 
upper bounds. The remainder of the task, i.e., r < p/2, is not difficult. 
Our work is closely related to work of Andrisfai, Erdiis, and Sos [l]. 
First we mention a consequence of Turin’s theorem due to 
Zarankiewicz [ 111. 
THEOREM 3. For any graph G on p points, if 6 > lp(n - 2)/(n - l)] 
then G contains K, as a subgraph. 
By placing a restriction on the chromatic number of G, x(G), Andrisfai et 
al. were able to obtain a better lower bound on 6, as follows. 
THEOREM 4. Let n > 3. For any graph G at most two of the following 
properties can hold: 
(1) K,kG, 
(2) 6 > ((3n - 7)lPn - 4))p, 
(3) x(G) 2 n. 
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COROLLARY. For n > 3, if G has p= (n- 1)s + n- 2 points and is 
regular of degree r = (n - 2)s + n - 3, where s > 2, then G has a subgraph 
isomorphic to K,. 
The proof follows easily from Theorem 4. A direct proof which is 
independent of Theorem 4 and which does not involve the notions of 
minimum degree and chromatic number, can be found in 121. 
In Section 2 we prove that there exists a triangle-free graph of degree Y on 
p points if and only if p is even and p > 2r; or p is odd, r is even and 
p > 5r/2. The “only if’ result for p odd can easily be obtained from the 
paper by Andrasfai et al., as well as from work of Sheehan concerning 
nonbipartite regular graphs of girth 4 (7, 81. The entire proof for p odd 
appears in a paper by Bauer, Bloom, and Boesch 131. We present here a 
combination of the above. The case where p is even follows easily from 
Turan’s theorem. Note that when p is odd, i.e., p = 2s + 1, it is not possible 
to realize r = s or even to realize values of Y near Y = s ifs is large. For this 
reason the result for K, does not generalize to K,. To obtain our main result 
for K, we first use Theorem 5 of Section 2 to determine the existence of K,- 
free r regular graphs on p points. This is the content of Theorem 6 in 
Section 3. We then use Theorem 6 as the basis step in an inductive proof for 
2. TRIANGLE-FREE REGULAR GRAPHS 
The following result is central to this paper. 
THEOREM 5. There exists a regular triangle-free graph of degree r on p 
points if and only ifp is even and p > 2r; or p is odd, r is even andp > S-12. 
Proof. First we consider the case of p even. By Turan’s theorem it is 
impossible to have r > p/2. The following construction yields a regular 
bigraph of degree Y for 2 < r < p/2. Let the points in the two parts be 
labelled, 1, 2 ,..., p/2 and 1’) 2’,..., p/2’ and connect e;ach point i to 
(i + k)’ mod p/2 for 0 Q k < r - 1. 
Now suppose p is odd, r is even and 5r/2 < p < 3r - I. Form G as in 
Fig. I. The number of points in each of five subgraphs of G, whose point sets 
are denoted A, B, C, D, and E, is indicated in Fig. 1. Furthermore, each 
induced subgraph contains no internal edges, e.g., (A) = (r/2) K,. The solid 
lines joining pairs of the induced subgraphs indicate that every point in one 
of the subgraphs is adjacent to every point in the other subgraph. The dashed 
lines joining D and E indicate that the induced subgraph on the points in D 
and E form regular bigraph of degree r/2. Note that this is possible since 
IDI = IEl& r/2. 
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FIGURE 1 
Now since each of A, B, C, D, and E has no internal edges, a necessary 
condition for G to have a triangle is that the three points of the triangle lie in 
three distinct subgraphs chosen from A, B, C, D, and E. Clearly from Fig. 1 
this is not possible and hence G has no triangle. It is also easy to see that G 
is regular of degree r. Now if p > 3r - 1 a different construction is required; 
the details here will be omitted. 
Now suppose p < 5-12 and that H is a regular triangle-free graph on p 
points of degree r. Clearly H is not bipartite. Let I?,,,, having points 
VI 2 u2 ,a..> VW, be a shortest odd cycle in H. The number of edges joining C,,. 
to H - C, is W(Y - 2). However, each point u E H - C,, is adjacent to at 
most 2 points in C,.. Hence there are at most 2 (p - w) edges joining C,. to 
H-C,,,. Thus 2(p- w)> w(r- 2) and r< 2p/w< 2~15, a contra- 
diction. 1 
3. K,-FREE REGULAR GRAPHS 
In this section we determine those values of r for which there exists a K,- 
free r-regular graph on p points. First we consider II = 4. 
THEOREM 6. Suppose p and r are not both odd. Then there exists a K,- 
free regular graph on p points if and only if 
(1) p=3s and r<2s, 
(2) p = 3s + 1 and r < 2s, 
if s=Oors=2 
if s>2. 
ProoJ First note that the existence of K,-free r-regular graphs for values 
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of r larger than 2s, 2s, and 2s + 1, in cases (I), (2), and (3), respectively, is 
impossible by Turk-i’s theorem. Furthermore, by the corollary to Theorem 4 
it is not possible to have a K,-free r = 2s + 1 regular graph on p = 3s + 2 
points if s > 2. However, it is possible if s = 0 or s = 2. We let G = K, if 
s = 0. The K,-free graph H in Fig. 2 suffices if s = 2, i.e., ifp = 8 and r = 5. 
Furthermore, it is easy to find K,-free r-regular graphs on 8 points for r < 4 
and we omit the details. 
To complete the proof we prove the existence of the remaining required 
graphs. 
Case 1. p = 3s 
Subcase 1 a. r is even. Let G be a tripartite graph in which each part has 
s points and each pair of parts forms a regular bipartite subgraph of degree 
r/2, where r < 2s. 
Subcase 1 b. r is odd. First note that now p is even and hence s is even. 
To achieve r = 2s - 1 we let G be a tripartite graph with parts A, B, and C, 
each part having s points. View A as subdivided into point sets A’ and A”, 
where JA’I = IA” = s/2, and similarly for B and C. Now let the pairs A’C’, 
A”B’, and B”C’ be regular bipartite subgraphs of degree (s/2) - 1, and the 
remaining pairs be complete bipartite subgraphs of degree s/2. Now to 
realize graphs for which p/2 < r < 2s - 3 we apply Theorem 2. For r < p/2 
we use Theorem 5. 
Case 2. p = 3s + 1 
Subcase 2a. r is even. First consider r = 2s. Let the points of G consist 
ofsetsAandB,whereIAI=2sandlBI=s+l.FormGbylettingAandB 
be a complete bipartite subgraph of G, and (A) be a regular triangle-free 
graph of degree s - 1. Note that this is possible by Theorem 5. To realize 
regular graphs of even degree less than 2s we may again employ Theorem 2 
if p/2 < r ,< 2s - 2. If p is even then Theorem 5 suffices for r ,< p/2. 
However, if p is odd, Theorem 5 can only be used if r < 2~15. If 2~15 < r < 
p/2 form G as follows: the points of G are divided into five parts, A and Bi, 
l<i<4, where lA)=p-2r and lB,i=r/2. Let pairs AB,, AB,, B,B,, 
B, B,, and B,B, form complete bipartite subgraphs of G and let B, B, be a 
regular bipartite subgraph of G of degree (5r/2) - p. 
Subcase 2b. r is odd. Consider r = 2s - 1. Here p must be even and 
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hence s is odd. We first describe a tripartite subgraph H of G. Let H have 
parts A, B and C, each consisting of s - 1 points. Divide A into A’ and A”, 
where 1 A ’ 1 = /A ” 1 = (s - 1)/2, and similarly for B and C. Now form H by 
letting pairs A’B”, A”C’, B’C’, B’C”, and B”C” each be regular bipartite of 
degree (s - 3)/2 and the remaining pairs be complete bipartite subgraphs. 
We now form G by adding points wi, 1 < i < 4, where w2 and w, are 
adjacent to all points of B and C, w1 is adjacent to all points of A and B, 
and w3 is adjacent to all points of A and C, as well as adding edges { w1 , w2} 
and {w3, w,}. To obtain realizations for values of r less than 2s - 1 we again 
use Theorems 2 and 5. 
Case 3. p = 3s + 2 
Subcase 3a. r is even. To realize Y = 2s we let G consist of point sets A 
and B, where IA I= 2s and I B I= s + 2. Now proceed exactly as in 
Subcase 2a. 
Subcase 3b. Y is odd. We have already produced graphs that realize 
r < 2s + 1 when s = 0 or 2. Now consider r = 2s - 1. Note that since p is 
even s must be even. We first describe a tripartite subgraph H of G. Let the 
point set of H be partitioned into parts A, B, and C, where IA / = IB I = / Cl = 
s - 2. Now divide the points of A into equal parts A’ and A”, and similarly 
for B and C. Let the pairs A’B’, A’C’, A”C”, B”C”, and A”C’ be complete 
bipartite subgraphs, while the remaining pairs form regular bipartite 
subgraphs of degree (s - 4)/2. 
We now describe another subgraph H’ of G, whose points are distinct 
from those of H. Let H’ consist of the cycle C,, whose points are numbered 
O-7, plus all diagonals of C,, i.e., edges {0,4}, { 1, 5 }, { 2, 6}, and (3, 7 ). 
Now form G by letting V(G) = V(H) U V(H’) and E(G) = E(H)U E(H’) 
together with the following adjacencies: points 0, 2, and 5 are adjacent to all 
points in A and B, points 1, 3, and 6 are adjacent to all points of B and C, 
and points 4 and 7 are adjacent to all points of A and C. 
To achieve values of r less than 2s - 1 we again appeal to Theorems 2 
and 5. I 
THEOREM 7. For n > 4, ifp and r are not both odd there exists a K,- 
free r-regular graph on p = (n - 1)s $ k points if and only if 
(1) r<(n-2)s zfk=O, 
(2) r<(n-2)s+k- 1 if(l<k<n-3) or (k==n-2 and s=O or 2), 
(3) r<(n-2)s+k-2 ifk=n-2ands>2. 
ProoJ The “only if’ part of the theorem follows from Turin’s theorem 
and the corollary to Theorem 4. It remains to prove the existence of the 
required graphs. We do this for the maximum value of r stated in the 
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theorem and for one less than the maximum value. We then use Theorems 2 
and 5 for smaller values of r. 
The proof is by induction on n, with Theorem 6 serving as the basis step 
for n = 4. Note that in case (1) we make no use of the inductive hypothesis. 
Also note that if k = n - 2, s must be even; otherwise p and r are both odd. 
Case 1. k = 0. 
Subcase 1 a. r = (n - 2)s. Here we let G be the complete (n - 1)partite 
graph, where each part has s points. 
Subcase lb. r = (n - 2)s - 1. 
Subcase 1 bi. r is odd. Since p must be even this implies that s is even. 
Now if n - 1 is also even, G may be realized as an (n - I)-partite graph with 
parts A,,A, ,..., AnpI, where lAil = s, 1 < i < n - 1, as follows: let each pair 
A,A,, A,A,,...,A,-,A,-, form a regular bipartite graph of degree s - 1, 
while all other pairs form complete regular bipartite graphs. If II - 1 is odd 
the above construction needs a slight modification. Divide A, equally into 
two parts Ai and A:, and similarly for A, and A,. Now let the pairs AIAS, 
AI’A;, and A:At be regular bipartite of degree (s/2) - 1, and let all 
remaining pairs be regular bipartite of degree s - 1. 
Subcase 1 bii. r is even. Here s must be odd and hence n must be odd. 
Now G can be realized as in Subcase Ibi, where n - 1 is even. 
Case 2. l<k<n-3 
Subcase 2a. r = (n - 2)s + k - 1. Let G consist of point sets A and B, 
where IAj=(n-2)s+k-1 and lBl=s+l, and let A and B form a 
complete bipartite subgraph of G. It suffices to let (A) be a K, ~ ,-free regular 
graph of degree r’ = (n - 3)s + k - 2. By our inductive hypothesis such a 
graph exists, provided p’ = (n - 2)s + k - 1 and r’ are not both odd. Now if 
p’ is even we are done. Suppose p’ = r is odd. If r’ is also odd then (n - 3)s 
and k - 2 are of opposite parity. However, this implies that p is odd, a con- 
tradiction. 
Subcase 2b. r = (n - 2)s + k - 2. We again let G have point sets A 
and B, where now IAI=(n-2)s+k-2 and IBl=s+2, and let A and B 
form a complete bipartite subgraph of G. By induction we let (A) be a 
K n-1 -free r/-regular graph on p’ = r points, where r’ = (n - 3)s + k - 4. 
Note that when k= 1 we may still use the inductive hypothesis 
since p’ = (n - 2) s - 1 = (n - 2)(s - 1) + n - 3 and r”= (M - 3) s - 3 = 
(n - 3)(s - 1) + n - 6. Hence it suflices to show that p’ and r’ cannot both 
be odd. However, this is not possible, since otherwise (n - 3)s and k - 4 
would have opposite parity, implying that p is odd. 
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Case 3. k = n - 2, s = 0 or 2. 
The result for s = 0 is clear. Now for s = 2 we proceed by induction to 
achieve r = 2(n - 2) + n - 3. It is possible for n = 4 by Theorem 6. Now let 
G have point sets A and B, where IA / = 2(n - 2) + n - 3 and IBl = 3, and let 
A and B form a complete bipartite subgraph of G. By induction we may let 
A be a K,-, -free graph on p’ = r = 2(n - 2) + n - 3 points which is regular 
of degree r’ = 2(n - 3) + n - 4, provided p’ and r’ are not both odd. Since 
they cannot both be odd we are done. 
Now if r=2(n-2)+n-4 we let jA/=2(n-2)+n-4 and lBl=4, 
and proceed as above by induction. We omit the details. 
Case 4. k=n-2,s>2 
Subcase 4a. r = (n - 2)s + n - 4. Let G have point sets A and B, where 
IAI=(n-2)s+n-4, IBI=s+2, and let A and B form a complete 
bipartite subgraph of G. By induction we let (A) be a K,-i-free regular 
graph on p’ = Y points which is regular of degree r’ = (n - 3) s + n - 6. We 
omit checking the parity condition. 
Subcase 4(b). r = (n - 2) s + n - 5. This is accomplished exactly as in 
Subcase 4a, where now IA j = (n - 2) s + M - 5 and 1 B I = s + 3. 0 
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